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Abstract. A parking function is a sequence of n nonnegative integers majo- 
rated by a permutation of the set {0, . . . , n — 1}. We provide a way to encode 
parking functions by data suggested by J. Haglund and N.Loehr in This 
coding is compared with another one proposed earlier by M. Shapiro and the 
author. 



1. The correspondence 

Denote I]„ the set of all permutations of {0, 1, . . . ,?i — 1}; elements of S„ will 
be simply referred to as "permutations" . A number t G {0, 1, . . . , ?i — 1} is called a 
descent of cr if cr(i — 1) > cr(i). The sum 



maj(CT) = ^ {n~t) 



t is a descent of cr 

is called the major index of a. 

In P] J. Haglund and N. Loehr introduced the following characteristics of a per- 
mutation cr. Extend the sequence cr(0), . . . , a{n — 1) by the term tT(— 1) =^ +oo. 
Then for every i = 0, . . . , n — 1 define: 

Ui(a) is the smallest j, < j < i, such that the segment a{j — 1), cr(j), . . . , a{i) 

either contains no descents or contains exactly one descent and a{j — 1) > cr(z). 
The sequence UQ^a), . . . , u„_i((t) will be denoted u(cr). It is easy to see that uo{a) < 
ui{(y) < • • • < Un-iic) and < Ui(cr) < i for all i = 0, . . . , n — 1. 

A pair (ct, k) will be called an HL-pair if cr is a permutation, and k = (fco, . . . , fc„_i) 
is a sequence of integers such that Ui[a) < ki < i for all z = 0, . . . , ?i — 1. A sequence 
of nonnegative integers po, . . . ,Pn-i is called a parking function if it is majorated 
by a permutation r S £„: < < t(z) for all i. 

In ^ the authors consider the following generating function: 

R^{q,t)^ ^maj(a)^«(n-l)/2-i:.fe. 
(cr, k) is an HL-pair 

and express it as a certain sum over the set of parking functions. They also con- 
jecture that the coefficient at q'^t^ in Rn{q,t) equals to the dimension of the bi- 
homogenous component Ha^b of degree (a, b) in the module of diagonal coinvari- 
ants. This module is defined as a quotient of the ring C[xi, ... ,Xn,yi, ■■■ ,yn\ by 
the ideal J generated by all the polynomials P without a constant term invari- 
ant under the diagonal action of S„: crP = P where aP{xi, . . . , a;„, yi, . . . , y„) =^ 
-P(2;cr(i), ■ ■ ■ ,a;o-(n)j2/(T(i)j ■ ■ • ;ycr(n))- A degree of a diagonal coinvariant is a pair 
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(a, 5) where a is its total degree with respect to all the Xi and 6, a degree with 
respect to all the yi. See ^ for details. 

Here we present a direct one-to-one correspondence between the sets of HL-pairs 
and parking functions. Namely, for an HL-pair (cr, k) denote p{<T, k) the sequence 
Po, ■ • • iPn-i such that Pcr(i) fcj for all i G /„. 

Statement. The mapping (cr, fc) i~> p(cr, fc) is a one-to-one correspondence between 
the sets of HL-pairs and parking functions. 

Proof. Since ki < j, one has p(a,k)i < a~^{i), and therefore p{a,k) is a parking 
function. We are going to prove that for every parking function q = (go, ■ • ■ , In-i) 
there exists exactly one HL-pair (cr, k) such that q = p[a, k). 

Consider Case I when the parking function q = (go, ■ ■ • , 9n-i) is nondecreasing: 
9o !i 91 !i ■ ■ ■ !i qn-i- Take a to be the identity permutation. Then Ui(cr) = for 
all i, and (e, k) is an HL-pair for every sequence k such that < ki < i for all i. 
One has now q — p(e, q), and the existence of (cr, k) for such q is proved. 

To prove uniqueness, let q = p{a, k). For a nondecreasing parking function q one 
has Pi < i 4=> < cr(i) for all i, and therefore Ui(cr) < cr(i). Take i = cr"i(0), 
so that one has Ui{a) = 0. Since cr(— 1) = -l-oo > a{i) — 0, it is possible only 
if cr(0), cr(l), . . . , a(i) = contains no descents, so that i = 0. Now make an 
induction step: suppose cr(j) = j for all j = 0,...,< — 1, and let i = a^^{t). 

Then a =^ Ui(cr) < t, and similar to the previous reasoning one concludes that 
cr(a) = a, . . . , cr(t — 1) = t — 1. . . . , a{i) = t must be a sequence without descents, 
hence i — t. So we proved by induction that a is an identity permutation. Now 
q = p(cr, k) implies that k = q, and the uniqueness in Case I is proved. 

Case II: general. For a parking function q = (go, • ■ • , (Zn-i) denote i{q) — 
Sr=o^('^ — i)qi. We are going to prove the existence and uniqueness of (cr, fc) by 
induction on i{q). Case I constitutes the induction base. 

First, prove the existence. If q is nondecreasing, it is Case I, so let t be such 
that qt-i > qt- Construct a parking function q' such that q[_i = qt, q[ = qt-i, and 
q'i = qi for all the other i. One has i{q') < £{q), and by the induction hypothesis, 
there exists an HL-pair (cr. A;) such that p{a,k) = q' . Let i = a~^{t — 1) and 
j ~ a~^{t); consider now the following cases. 

1- i > * + 2. Define a permutation cr' such that a'{i) — t, a'{j) = t — 1 and 
cr'(a) = cr(a) for all the other a. Apparently, u(cr') = u{(t) and therefore {a' ,k) is 
an HL-pair. One has p(cr', k) = q, so the existence is proved. 

2. j ~ i + 1. In this case Wj(cr) — Ui(cr), and the case splits in two: 

2.1. pt — kj < i. Define a sequence k' as k'^ = fc^+i, k^^^ = ki, and k'^ = ka for all 
the other a. Apparently, (cr, fc') is an HL-pair and p(cr, k') = q. 

2.2. Pt — kj = i + Define a permutation cr' as in CaseQ Now MQ(cr') — Ua(cr) for 
all a 7^ i + 1, and u^+i (cr') =? + 1, so (cr', k) is an HL-pair. Apparently, p(cr', k) = q. 

3. j < i. Since the values cr(j) ~ t and cr(i) = t — 1 are adjacent, one has 
Ui{cr) > j -\- 1, and therefore pt-i = h > Ui{a) >j + l>j>kj— pt, contrary to 
the assumption. So, this case is impossible. 

Thus, existence of the HL-pair (cr, k) such that p(cr, fc) = q is proved for every q. 
Prove now the uniqueness. Take a parking function q = p{a, k) and choose t such 
that qt-i > qt. Let i — a^^{t — 1) and j — a~^{t). Define a parking function q' as 
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before {qt and qt-i are exchanged). Now we will fix a specific HL-pair (cr', k') such 
that p{a',k') ~ q' (since the uniqueness is not proved yet, there could be several 
possibilities here). To do this consider the following cases: 

1- j > * + 2. Then Uj{a) > i + 2, and therefore qt = kj > Uj{a) > i + 2 > i > 
ki — qt~i, contrary to the assumption. So, this case is impossible. 

2. j = i + 1. Here fc^+i = qt < qt-i ^ ki < i and Ui+i{a) — Ui(a). Define 
k' as in Case 12. ll of the existence proof, and note that {a,k') is an HL-pair with 
p{a,k')=q'. 

3. j = i — 1. Here Ui(a) = i and therefore pt-i = ki = i. Define a' as in Case^ 
of the existence proof. Apparently, (cr', k) is an HL-pair and p{<y' , k) ~ q' . 

4. j < i — 2. Here, again, define cr' as before, and note that it(cr') = u(cr). This 
means that (cr', k) is an HL-pair, and p(cr', k) = q'. 

Let now q = p{a^^\k^^^) = p(a(2), fc(2)). If a^^) = af^) then fc(i) = 
suppose that cr^-^^ a^^^. Apply the procedure just described to (cr^^^fc^^^) and 
(a(2),/fc(2)); it gives two representations: g' = p((ct(i))', (fc(i))') = ^(((7(2))', (fc(2))'). 
Since ^(g') < ^(9), these two representations must be the same by the induction 
hypothesis. This is possible only if the pair (cr^^^^ A:^^^) belongs to Case |5] above 
(i.e. (a(i))-i(^) = (^^^^)"^(^ - 1) + 1 and a^^) ^ (a^^))' but ^ (fc^^^)'), while 
the pah (cr(2)^fc(2)) belongs to CaseElor Caseil(so that fc(2) = (fc(2))' but cr(2) ^ 
(a(2))'). Hence, (a^^))' = cr(i) and fc(2) = (fc(i))'. If CT(i)(ii) = CT(2)(j2) ^ t - 1 and 
— cr(2)(j2) = t then «i = j2 = *2 — 1 = .?i — 1- This implies Ui^{a^^^) — 12 
and therefore k^-^ — 12- But then k^^^ — k^-^ — 12 — ii + 1 which is impossible. 
The uniqueness is proved. □ 



2. HL-PAIRS (cr, fc) WITH SMALL maj(cr) 

Here we investigate a connection between two constructions of the parking func- 
tions — the one described above and the construction of the paper j2|. The latter 
is as follows: call a pair of integer sequences (fco, . . . , kn-i) and (Zq, . . . , In-i) (ad- 
missible if 

(1) < < fcj < i for aU i = 0, . . . , n - 1. 

(2) If i < j and U > Ij then kj > i + 1. 

Define a permutation ak,i such that ki — k = #{j < i | <Tk,i{j) > crkjii)} for every 
i = 0, ... ,n — 1 (it is easy to see that ak,i exists and is unique), and then define 
a parking function q — f{k,l) like before: q^^ = ki for all i — 0, . . . ,n — 1. 
It is proved in that / provides a one-to-one correspondence between the set 
of admissible pairs and the set of parking functions. There was also conjectured 
in |2] that there exists an integer-valued function b = b{l) such that the number 
of admissible pairs {k,l) with J^i^i — ^ l)/2 — a and b{l) = b equals the 
dimension of a bihomogenous component Ha^b of degree (a, 5) in the module of 
diagonal coinvariants. The paper |21 provides a conjectural description of the sets 
b-^{t) where < t < 3. 

Compare this conjecture with the conjecture of 3 mentioned above. Let (cr, k) 
be an HL-pair such that maj (cr) < 3. 
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0. Let inaj(CT) = 0, that is, a is an identity permutation e. The pair (e, fc) is 
HL for every fco, . . . , kn-\ such that < fci < i for all i = 0, . . . , n — 1. It is 
easy to see that the number of such pairs equals to the dimension of where 
a = n(n — l)/2 — ki (so, the conjecture of is true in this case). 

To every HL-pair (e. A:) we associate a pair (fc,0) (where denotes a sequence I 
of n zeros). This pair is admissible. So, the dimension of i?a,o equals to the number 
of admissible pairs (fc, /) such that fc^ = n(n — l)/2 — a and I = 0. This coincides 
with the conjecture of |2| saying that b^^{0) — {0}. 

1. Let maj((T) = 1. This means that a has the form (0, 1, ... , s— 1, s+1, . . . , n— 1, s) 
for some s < n — 2. One has Ui{a) = for < i < n — 2, and Un-iic) = s + l. Relate 
to an HL-pair (tr, fc) a pair (fc, I) where h = for < i < n — 2 and = s + 1. 
It is easy to see that {k,l) is admissible and f{k,l) ~ p{a,k). Vice versa, if (fc,/) 
is an admissible pair with Iq = ■ ■ ■ — ln~2 — and 1 < Z„_i < n — 1 then (ct, fc) is 
an HL-pair (where a is described by the formula above, with s — In^i — 1). Thus, 
according to the conjecture of [3], the dimension of i?a,i equals to the number of 
admissible pairs with fc^ = n{n — l)/2 — a and / such that all its terms are zeros 
except the last one. This coincides with the conjecture of 2 saying that b{l) = 1 
exactly for such I. In fact, both conjectures follow from the results of 

2. Let maj((T) = 2. In this case a has the form (0, 1, . . . , si — 1, si -f 1, . . . , S2 — 
1, S2 -l- 1, . . . , n — 1, si, S2) where si < S2 and si < n — 3. Therefore Ui{a) = for 
< i < n — 3, and u„_2(o') = si -t- 1, m„_i((t) ~ S2- Relate to an HL-pair (cr, fc) a 
pair (fc, I) where h = for i < n — 2, ln-2 = si + 1 and In-i = S2- It is easy to see 
that (fc,Z) is admissible and f{k,l) — p{a,k). Vice versa, if {k,l) is an admissible 
pair with I such that Iq = ■ ■ ■ — In-s = and 1 < Z„_2 < In-i, one can construct 
an HL-pair (ct, fc) by the formula above with si — ln-2 ~ 1 and §2 = In-i- Thus, 
according to the conjecture of [H], the dimension of i?a,2 equals to the number of 
admissible pairs with fcj = n{n — l)/2 — a and I just described. This coincides 
with the conjecture of j2| saying that b{l) — 2 exactly for such I. 

3. Let maj(cr) = 3. In this case a has one of the following forms: 

3.1. a ^ (0, 1, . . . , si - 1, si -I- 1, . . . , S2 - 1, S2 + 1, . . . , S3 - 1, S3 -I- 1, . . . , n - 
1, si, S2, S3) where si < S2 < S3 and S3 < n — 4. In this case Ui{a) — for i < n — 4, 
w„_3(ct) = Si -I- 1, M„_2(o') = S2, and w„_i((t) = S3 — 1. Consider a pair (fc, I) where 
li — for i < n — A, ln-3 = si + 1, ln-2 = S2, and In-i = S3 — 1. It is easy to see 
that {k,l) is admissible and f{k,l) = p{a,k). Vice versa, if {k,l) is an admissible 
pair with I such that lo — ■ ■ ■ — In-i = and 1 < ln-3 < ln-2 < ki-i < n — 2, one 
can construct an HL-pair (cr, fc) by the formula above with si = ln-3 ^ 1, S2 = ln-2, 
and S3 = In-i + 1. 

3.2. cr = (0, 1, . . . , S2 - 1, S2 -I- 1, . . . , si - 1, si + 1, . . . ,n - 1, si, S2) where S2 < 
si < n — 2. In this case Ui(a) — for i < n — 3, Un-2(c) = si and u„_i(cr) = n—1. 
Consider a pair (fc, Z) where li — for z < n — 3, ln-2 =^ si and In-i — 82- It is 
easy to see that {k,l) is admissible and f(k,l) — p{(j,k). Vice versa, if (fc,/) is an 
admissible pair with I such that lo = ■ ■ ■ = ln-3 = and < ln-2 > In-i > 0, one 
can construct an HL-pair (cr, fc) by the formula above with si = ln-2 and S2 = In-i- 

So, it follows from the conjecture of |3] that the dimension of i/a,3 equals the 
number of admissible pairs with kt = a and I either like in Case 13.11 or like in 
Case 13.21 This coincides with the conjecture of describing the set 6~^(3). 
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4. Let niaj(cr) — 4. For this case [2] does not provide a conjecture, and the fol- 
lowing comparison with 3 explains the nature of the difficulties. The permutation 
a now has one of the three forms: 

4.f . O- = (0, f , . . . , Si - f , Si + f , . . . , S2 - 1, S2 + f , . . . , S3 - f , S3 + f , . . . , S4 - 

f , S4 + f , . . . , n — f , si, S2, S3) where si < S2 < S3 < S4 and S4 < n — 5. This 
case is analogous to the case 13. f I HL-pair {a, k) with such a can be related to an 
admissible pair {k^Vj where li — for i ti — 5 and In— 4, — si 4* f, In— 3 — S2, 
ln-2 = S3 - 1, ln-1 = S4 - 2; then f{k, I) = p{<7, k). 

4.2. CT (0, f , . . . , Si - f , Si + f , . . . , S3 - f , S3 + f , . . . , S2 - f , S2 + f , . . . , ?i - 

f,si,S2,S3) where si < S3 < S2 and si < n — 3. In this case Ui{fj) = for 
i < n — 4, Un-^ijj) = si + 1, u„_2(cr) — S2 and M„_i(a) = n — I. An HL-pair (cr, k) 
can be related to an admissible pair (fc, I) where U = for i < n — 4, ln-3 = si -I- I, 
ln-2 = S2 and In-i = S3; then f{k, I) = p{(j, k). 

4.3. cr = (0, I, . . . , S3 - I, S3 + 1, . . . , Si - 1, Si + 1, . . . , S2 - I, S2 + I, . . . , n - 

I,si,S2,S3) where S3 < si < S2 and si < n — 3. This is the case where diffi- 
culties arise. Here Wi(fT) = for i < n — 4, m„_3((t) = si -I- I, M„_2(cr) = S2 but, 
unlike the previous case, u„_i(cr) = n — 2. There is no correspondence a ^ I 
such that if (cr, k) is an HL-pair of this form then (fc, I) is an admissible pair with 
/(fc, I) = p{a, k); nor I was able to find a more refined correspondence which changes 
k accordingly. 
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